This work reports quantum mechanical and semiclassical WKB calculations for energies and wave functions of high-lying 2 Σ states of H + 2 in atomic units. The highlying states presented lie in an unexplored regime, corresponding asymptotically to H (n ≤ 145) plus a proton, with R ≤ 120, 000 a 0 . We compare quantum mechanical energies, spectroscopic constants, dipole matrix elements, and phases with semiclassical results and demonstrate a good level of agreement. The quantum mechanical phases are determined by using Milne's phase-amplitude procedure. Our semiclassical energies for low-lying states are compared with those published previously in the literature.
Introduction
Many calculations for energies and wave functions of H + 2 have been performed, one before quantum mechanics was invented.
1 Some have involved simplified models, 2,3 while others utilize the separability of H + 2 in spheroidal coordinates to obtain accurate, almost exact results (see e.g. and the references therein).
To our knowledge, the highest energy calculations were carried out by Pelisoli, Santos, and Kepler 24, 27 for internuclear separations up to 300 a 0 and dissociation limits with principal quantum numbers n ≤ 10, to study spectral line broadening of hydrogen in the atmospheres of white dwarf stars and laboratory plasmas; there has been discussion in the literature regarding the lack of state-resolved data for H + 2 . 25, 28 In this paper, we include quantum calculations for higher excited electronic states which have not yet been calculated.
Our interest in highly excited states of H The states are so numerous, however, that an efficient approximation scheme is warranted.
For an approximate treatment of long-range PECs of H + 2 , several approaches could be taken.
One might consider using Rayleigh-Schrödinger perturbation theory for a hydrogen atom perturbed by a proton. Although it has been shown that accurate long-range energies of H "quasimomenta" that agree with the momenta in the separated Hamilton-Jacobi (HJ) equation. Using these forms of the quasimomenta, Gershtein et al. treated the system using the "complex method", 53-55 which was invented by Zwaan and involves going around the classical turning points in the complex plane.
Theoretical Methods

Quantum Treatment
Accurate quantum mechanical results can be obtained for H + 2 because, within the BornOppenheimer approximation, the two-center Coulomb problem is separable in prolate spheroidal coordinates. In this two-center coordinate system, points are defined as intersections of ellipsoids and hyperboloids, as shown in Fig. 1 . The nuclei are positioned on the z-axis, and the coordinates depend on the internuclear separation R and the distances r 1 and r 2 of the electron from each nucleus, such that:
Since surfaces of constant ξ are ellipsoids and surfaces of constant η are hyperboloids, ξ and η are often referred to as "quasiradial" and "quasiangular" coordinates. The stationary state wave function Ψ for H + 2 can be expressed as
where N λ is a normalization constant and X(ξ) and N (η) satisfy
In Eqs. 5 and 6, γ 2 = R 2 /2 depends on the electronic energy , and − (γ 2 + λ) is a shared separation constant. Each state is characterized by a set of node numbers {n η , n ξ , n φ }, with n η even for gerade and odd for ungerade states.
The physical significance of λ has been elucidated by Erikson and Hill 56 and Coulson and Joseph. 57 As the internuclear separation R decreases to 0 and the system becomes He + , λ → l(l + 1). As R approaches infinity, λ becomes a component of the eccentricity, or
Runge-Lenz, vector.
Erikson and Hill 56 also show that the separation constant, − (γ 2 + λ), is the third constant of the motion; note that within the WKB approximation − (γ 2 + λ − m 2 ) is the barrier height in the η coordinate. Owing to this extra symmetry, two potential curves that are otherwise identical (e.g. two 2 Σ states) may cross if they don't have the same λ. 57 One example is the crossing of the 2sσ g and 3dσ g states near R = 4 a 0 . Avoided crossings are still possible because the electron moves in a potential that transitions from a single to a double well as R increases. 58, 59 The crossings are exhibited between gerade potential energy curves of constant n ξ and lead up to the three-body breakup limit; avoided crossings for selected high-lying states are shown in Fig. 2 . 
Numerical details, Estimated Accuracy
Quantum mechanical calculations for states with n η ranging from 0 to 292 have been carried out for states that correspond asymptotically to H (n ≤ 145) plus a proton. Our highest energy calculations extend out to R ≤ 120, 000 a 0 .
In these calculations Eq. 6 is solved for the separation constants of states satisfying either gerade or ungerade boundary conditions at η = 0. This gave a set of possible pairs (γ 2 , λ) for each n η . Next, using those separation constants, Eq. 5 is solved for the energies of states at fixed R. The shooting method accurately solves both Eqs. 
exactly by calculating an amplitude α(x) such that the wave function satisfies
where N is a normalization constant, and where α(x) is any particular solution of the nonlinear second-order equation
The WKB approximation amounts to replacing α(x ) with 1/ |k(x )|. Equation 9 can be reexpressed as a third order, linear differential equation.
50,51
The amplitude α(x) depends on the regular, ψ(x), and an irregular, ψ(x), solution of Eq. 7 in the following way:
where (AB − C 2 ) −1/2 is equal to the Wronskian, W , between ψ(x) and ψ(x). For very small ξ or η, the regular solutions X(ξ) and N (η) approach
and so an irregular solution has the behavior
.
The wave function in Eq. 8 must satisfy the appropriate boundary conditions
The first boundary condition, that X(ξ) or N (η) are zero when ξ = 1 or η = −1, is satisfied by expressing the wave functions as
where η ≤ 0 in Eq. 16. The second boundary condition puts a constraint on the total phase and yields quantization conditions in η and ξ; the total phase is the phase parameter β used in quantum-defect theory. The phase of X(ξ) must satisfy the condition
Above the barrier, the total phase of N (η) satisfies
while below the barrier
depending on whether the state is ungerade (Eq. 19) or gerade (Eq. 20).
To solve for the Milne function, the third order, linear differential equation 50,51 is solved for the amplitude α from a point in the classical region 23 with a 4-point predictor corrector method; for the boundary condition at this point we used an iterative method introduced by Seaton and Peach. 61 The correct phase of the solution for small ξ or η near the singular points is ensured by implementing the variable transformations x ξ = log(ξ − 1) and x η = log(η + 1), integrated from x 0 = −350; then a formula of Korsch and Laurent 62 evaluates the contribution to the phase from x < −350. Korsch and Laurent's formula
where A and C are constants in Eq. 10. After substituting Eqs. 11 and 13 or Eqs. 12 and 14 into Eq. 10, one finds that the phase integral
has the form
where x is either x ξ or x η , and where the right-hand side of Eq. 24 has the form of Eq. 21.
The constants a, b, and c are readily determined from a least-squares fit 63 to exp(x)α −2 (x).
Our main purpose here is to compare to semiclassical results, so the calculations presented here are based on the accurate separation constants already obtained with the shooting method. (One could also determine these constants by using the Milne quantization conditions in η, Eqs. 18-20.)
Semiclassical WKB Treatment
The semiclassical WKB treatment of H + 2 is relatively straightforward, but there are two complications that have been discussed in the literature. The first is that the ranges of ξ and η do not extend from −∞ to ∞; this is overcome by making a Langer-type modification to the terms in the curly brackets of Eqs. 5 and 6, which we refer to as the "local momenta."
The second difficulty arises for 2 Σ states, because even the modified local momenta, or "quasimomenta," exhibit simple poles in the classically accessible regions. The present section discusses the derivation of quantization conditions for 
The quasimomenta in Eqs. 25 and 26 are sometimes referred to as "Bethe-modified," and we will use these forms in our analysis. (Strand and Reinhardt 38 obtain wave functions in the classical region with the same form as in Gershtein et al.
)
Different procedures for determining Langer-type modifications for general systems have been discussed [64] [65] [66] and are not our focus here, but we do wish to make a few comments on this connection to the HJ equation. Farrelly and Reinhardt 67 have shown that for hydrogen in a uniform electric field, the usual quasimomenta in either parabolic and squared parabolic coordinates, in which −m 2 replaces (1 − m 2 ), also agree with the momenta in the separated HJ equation. Moreover, the Langer modification for the hydrogen atom in spherical coordinates gives a radial quasimomentum that agrees with the corresponding quantity in the HJ equation, provided one identifies the classical angular momentum L with (l + 1/2) . 68 In general, for a separated, time independent 3D problem, using such quasimomenta leads to a total wave function that depends on the classical action in the following way. Suppose the WKB wave function for each separate coordinate x k is e iS k (x k )/ , with 
When γ 2 + λ is negative, the η c correspond to two real roots. Since λ ≥ 0 for H enough from the pole for the WKB approximation to be valid, the wave function for either η or ξ, which they denote ψ, is given by:
Thus the phase accumulation of the wave function equals π/4 near the pole, and in the classical region, far enough from the pole for the WKB assumptions to be satisfied, the wave function has the same form as if the poles were replaced by classical turning points.
Given Eq. 29, the quantization condition in ξ is the same as it would be for a single well potential. The same is true for η when the electronic energy is far enough above the potential barrier that the reflection probability is negligible. Therefore we have
where ξ c2 is the position of the outermost classical turning point in ξ and ξ c1 = 1 when k Below the potential barrier, the quantization conditions in η are the same as for a double well potential. One requires that in the forbidden region
for ungerade or gerade states, respectively. By using the standard connection formulae for isolated classical turning points, along with Eq. 29, one can show that in order for the wave function in the forbidden region to have the form of Eq. 32, one must require
where there is a minus sign on the right hand side for ungerade states. This is the same quantization condition as given by Gershtein et al. 39 When the energy is far enough below the barrier, the right-hand side of Eq. 34 is negligible, and the quantization conditions reduce
depending on whether the state has gerade (Eq. 35) or ungerade (Eq. 36) symmetry.
In the classical region, the WKB wave functions have the form
where the η wave function is either symmetric or antisymmetric about η = 0. These forms agree with those given by Strand and Reinhardt 38 and Gershtein et al.
39
Near the classical turning points, when they are not too close together, the quasimomentum k 2 L can be defined to be 2α(x − x c ) and, with z := −(2α) 1/3 (x − x c ), one has
where Ai(z) and Bi(z) are the Airy functions of the first and second kind, and where Eq. 40 applies to states below the potential barrier.
Finally, in the forbidden region
and N (η) has the form of Eq. 32 for ungerade or of Eq. 33 for gerade states.
Results and Discussion
Energies Figure 4 shows a comparison between our semiclassical and quantum mechanical values of ν 2 (= −2/ ) for low-lying states of H These low-lying states present a worst-case scenario for the WKB approximation, which is why such refined methods are necessary there. As the energies increase, the BornOppenheimer potential curves span a wider range of internuclear separations. For instance, the state (n η , n ξ ) = (233, 17) exhibits a potential minimum near R = 62700 a 0 , where ν 2 ≈ 198.5. For this state, the barrier top is around R = 76300 a 0 and only a small part of the potential curve is affected by it. Panel (a) of Fig. 6 shows the semiclassical and quantum mechanical PECs for this state and five others. Generally the ν 2 values agree to three or four decimal places, as shown in Panel (b) of Fig. 6 for the state (n η , n ξ ) = (233, 17) . This allows one to determine spectroscopic constants for the potentials with high accuracy. In Table 1 , we compare our estimated spectroscopic constants and find they differ by less than 0.3%. Finally, Panel (c) shows that the error in energy caused by the barrier top is localized to a relatively small region of R; the position of the barrier top is marked by a vertical line. Wave functions The PECs for these states were shown in Fig. 6 . The vertical axis gives the gap from the top of the barrier to the "energy" (γ 2 /2) of the state, and the wave functions are normalized to 1000 atomic units for visibility. For the states below the barrier, we have put an Airy patch on the wave function near the classical turning point. The agreement improves for states farther from the barrier top.
The semiclassical excited state wave functions are used to compute dipole matrix elements with the ground state. The calculations use the quantum mechanical ground state wavefunction for the dipole matrix elements, so that any differences from their exact values reflect only errors in the upper state ungerade wave functions. Some results are given in Table 2 . Below the barrier, the dipole matrix elements in Table 2 differ by less than 5%.
Above the barrier, they differ by less than 30%. Although the increased discrepancy above the barrier is likely due to the small values n ξ = 0 and 2, it could also be the fact that below the barrier the η wave functions were splined to the more exact Airy functions, leading to a more accurate normalization constant. Even for n ξ = 0, the agreement between the quantum and semiclassical matrix elements is very good. 
The dashed lines show the semiclassical phases in the classical region,
where η c = 0 for states above the barrier. The quantum (Eq. 42) and semiclassical (Eq. 43)
phases are most different for low values of η where the quasimomentum varies rapidly and the WKB approximation is less accurate. This small η region is highlighted in Panel (b). The discrepancies are still small, and over the whole range of η the quantum and semiclassical results differ by less than 0.1%. Figure 9 compares the phases of the wave functions X(ξ), defined as
Panel ( 
The region for which the left hand side of Eq. 46 is less than 0.1 is bracketed by the two vertical lines in This level of agreement is not surprising, given that the Langer-corrected WKB energies for non-relativistic hydrogen are exact. Away from the barrier, the quantum mechanical and semiclassical ν 2 values agree to within three or four decimal places. Increased errors due to the barrier arise over a relatively small range of R away from potential wells (if present). The relatively accurate energies away from the barrier top allow one to determine spectroscopic constants that, for the states presented, differ by less than 0.3% from those obtained by using the quantum mechanical PECs.
Dipole matrix elements with the ground state also showed good agreement, and were within 30%, sometimes as close as 2%. The discrepancies can be attributed to inaccuracies in the wave functions for small ξ or η, where the WKB assumptions are not valid. The semiclassical phases in these regions are larger than the phases obtained from Milne's phaseamplitude procedure. The states with the biggest discrepancies in phase were those with very few nodes in ξ, for which the classical turning points of the potential are close together.
These states also show the most differences in their dipole matrix elements.
It is of course evident that when accurate results are desired, it is preferable to accurately solve the separated angular and radial spheroidal differential equations numerically. However, this can be time-consuming when many states are needed or a large parameter space needs to be explored. Then a WKB implementation will often be adequate for many purposes, (n η ,n ξ )=(283, 0) (n η ,n ξ )=(265, 2) (n η ,n ξ )=(233,17) (n η ,n ξ )=(237,11) (n η ,n ξ )=(201,30) (n η ,n ξ )=(189,28) WKB
